Abstract. In the present paper we derive improved approximations for the Rayleigh wave velocity in the interval ν ∈ [−1, 0.5] using the method of least squares. In particular: (i) We create approximate polynomials of order 4, 5, 6 whose maximum percentage errors are 0.035 %, 0.015 %, 0.0083 %, respectively. (2i) Improved approximations in the form of the inverse of polynomials of order 3, 5 are also established. They are approximations with very high accuracy. (3i) By using the best approximate second-order polynomial of the cubic power in the space C[0.474572, 0.912622], we derive an approximation that is the best, so far, of the approximations obtained by approximating the secular equation.
INTRODUCTION
Elastic surface waves in isotropic elastic solids, discovered by Lord Rayleigh [1] more than 120 years ago, have been studied extensively and exploited in a wide range of applications in seismology, acoustics, geophysics, telecommunications industry and materials science, for example. It would not be far-fetched to say that Rayleigh's study of surface waves upon an elastic half-space has had fundamental and far-reaching effects upon modern life and many things that we take for granted today, stretching from mobile phones through to the study of earthquakes, as noted by Samuel [2] .
For the Rayleigh wave, its velocity is a fundamental quantity which is significance in practical applications, so researchers have attempted to find its analytical approximate expressions which are of simple forms and accurate enough for practical purposes.
Let c be the Rayleigh wave velocity in isotropic elastic solids and x(ν) = c/β, where β is the velocity of shear waves and ν is Poisson's ratio. The earliest known approximate formula of x(ν) was proposed by Bergmann [3] , namely: 
Since Bergmann's approximation has a simple form (also is very well-known ) it has a wide range of applications. However, its accuracy is not so high, so it is very significant to improve the accuracy of it. An empirical correction of its numerical coefficients was 
The accuracies of the obtained approximations of the Rayleigh wave velocity in the interval [−1, 0.5] in the sense of maximum percentage error are shown in Table 1 . 
is an approximation of x(ν).
Appr.Ī(%) Appr.Ī(%) Appr.Ī(%) x rm 0.418 x vml 0.312
It is shown, from Table 1 , that among existing approximations for the range [−1, 0.5], the approximation x vm2 (ν) is the best. However, its accuracy is not so high. As stressed by Nesvijski [15] , nondestructive testing of composites is a complex problem because components of materials may have very similar physical-mechanical properties. In order to distinguish one component from another we need highly accurate approximations of the Rayleigh wave velocity. Some recent experimental results cannot be explained unambiguously by existing approximate formulas. This motivates the authors to improve previously proposed approximations for the values ν ∈ [−1, 0.5]. In particular: (i) We obtain approximate polynomials of order 4, 5, 6 which are 2.57 times, 6 times, 10.8 times more accurate than x vm2 (ν), respectively. (2i) Improved approximations in the form of the inverse of polynomials of order 3, 5 are also established. They are 1.8 times, 15.5 times, respectively, better than the approximation x vm2 (ν). (3i) By replacing the cubic power by its best approximate second-order polynomial in the space C[0.474572, 0.912622], we derive an approximation that is the best, so far, of the approximations obtained by approximating the secular equation.
APPROACH OF LEAST SQUARES
In order to obtain the improved approximations of the Rayleigh wave velocity we will use the least-square method which was presented in detail in [6] . Here we recall it shortly.
Let V be a subset of the space 
where
If V is a finite dimensional linear subspace (a compact set) of L 2 [a, b], then the problem (9) has a unique solution (a solution) (see [16] ).
Since polynomials are considered as the simplest functions, V is normally taken as the set of polynomials of order not bigger than n, denoted by P n+1 , which is a linear subspace of L 2 [a, b], has dimension n + 1, and its basic functions can be chosen as:
For this case, in order to solve problem (9) we represent h(ν) as a linear combination of 1, ν, ..., ν n :
Then the functional I(h) becomes a function of the n + 1 variables a 0 , a 1 , ..., a n , and from the conditions: ∂I/∂a i = 0, i = 0, 1, ..., n, problem (9) is leaded to a system of n + 1 linear equations for a 0 , a 1 , ..., a n :
which has a unique solution, where:
In order to evaluate an approximation's accuracy we use the maximum percentage (relative) errorĪ defined as follows:
HIGHLY ACCURATE POLYNOMIAL APPROXIMATIONS
Now we find the best approximate polynomial of order 5 of x(ν) in the interval [−1, 0.5] in the sense of least squares. That means we have to solve problem (9) in which a = −1, b = 0.5, h(ν) is presented by (12) with n = 5, f (ν) = x(ν) and x(ν) is given by (see [17] ):
where:
and:
Here α is the velocity of longitudinal waves, and the main values of the cubic roots are to be used in (16) . The problem is then leaded to the system (13), (14) with n = 5, a = −1, b = 0.5, f (ν) = x(ν), whose unique solution is:
Thus, the desired polynomial is:
whose the maximum percentage error is 0.03% (see Fig. 1 ). It is shown, from Fig. 1 , that the percentage error of p 5 (ν) is small at every value of ν of the interval [−1, 0.5] except the values belong to a very small neighbourhood of −1 and 0.5, and it very quickly increases when ν tends to these values. Egorov's theorem [18] suggests that, in order to decrease the percentage error of p 5 (ν) in the interval [−1, 0.5] we should find the best approximate polynomial of order 5 in the interval [−1 − 1 , 0.5 + 2 ], where 1 , 2 are positive and appropriately small.
By choosing 1 = 0.05, 2 = 0.02 we obtain:
whose the maximum percentage error in the interval [−1, 0.5] is only 0.015% (see Fig. 1 ), less than the one of p 5 (ν). It is clear that the approximation p 5 * (ν) is a very highly accurate approximation of x(ν) in the interval [−1, 0.5] in the sense of maximum percentage error. It is 6 times better than x vm2 , the best of the obtained approximations of
Analogously, by solving the system (13), (14) with n = 6, a = −1, b = 0.5, f (ν) = x(ν) (defined by (16)), we obtain the best approximate polynomial of order 6 of x(ν) in the interval [−1, 0.5], namely:
whose the maximum percentage error is 0.024% (see Fig. 2 ). It is clear, from Fig. 2 , that the percentage error of p 6 (ν) very quickly increases when ν tends to the boundary values −1 and 0.5. According to Egorov's theorem [18] By choosing 1 = 0.1, 2 = 0.02 we obtain an approximation being better than p 6 (ν) in the sense of maximum percentage error, namely:
whose the maximum percentage error (in the interval [−1, 0.5]) is only 0.0083%, less than the one of p 6 (ν). The approximation p 6 * (ν) is also a very highly accurate approximation of x(ν) in the interval [−1, 0.5]. It is 10.8 times better than x vm2 in the sense of maximum percentage error. Remark 1: i) Doing analogously as above, i. e. employing the method of least squares and taking into account Egorov's theorem, we obtain the following approximation:
that is the best approximate polynomial of order 3 of x(ν) in the interval [−1.05, 0.5] in the sense of least squares, and its maximum percentage error in the interval [−1, 0.5] is 0.1%. Since the maximum percentage errors of the approximations x m (ν) (defined by (3)) and x vm (ν) (defined by (4)) in the interval [−1, 0.5] are 0.411% and 0.21%, respectively, p 3 * (ν) is the best approximate polynomial of order 3 of x(ν) in the interval [−1, 0.5], so far, in the sense of the maximum percentage error. 2i) Approximations p 3 * (ν) and x vm2 (ν) have almost the same accuracy, but p 3 * (ν) has a simpler form, so it may be better than x vm2 (ν) for practical purposes. 3i) By finding the best approximate polynomial of order 4, in the sense of least squares, in the interval [−1.02, 0.5325] we obtain the following approximation:
whose the maximum percentage error (in the interval [−1, 0.5] ) is 0.035%. It is 2.57 times more accurate than x vm2 . It should be noted that, in the sense of maximum percentage error the approximation p 4 * is better than best approximate polynomial of order 4 of x(ν) in the interval [−1, 0.5].
HIGHLY ACCURATE APPROXIMATIONS OF THE FORM OF THE INVERSE OF POLYNOMIALS
For the interval [0, 0.5], an approximation of the form of the inverse of a polynomial was first proposed by Sinclair (see [19] , [10] ), namely:
It was published without the derivation procedure. Interestingly, it was proved recently by Vinh & Malischewsky [7] that the inverse of Sinclair's approximation is the best approximation of s(ν) in the interval [0, 0.5], in the sense of least squares, with respect to the set of all Taylor expansions of s(ν) up to the second power at the values y ∈ [0, 0.5]. Although Sinclair's expression (26) approximates rather well x(ν) in [0, 0.5] (its maximum percentage error is 0.02%) but it is not the best one of this form. Recently, Vinh & Malischewsky [7] have found an inverse of a second-order polynomial, namely:
which is 4 times more accurate than Sinclair's approximation. Approximations of Sinclair type with higher accuracy for this range were also obtained recently by Vinh & Malischewsky [7] using the method of least squares. In this section approximations of x(ν) in the form of the inverse of polynomials of order 3 and 5, denoted by x vms3 (ν) and x vms5 (ν), respectively, are created for the interval [−1, 0.5]. They are approximations with high accuracies.
. This leads to: 
Now we find the best approximate polynomial of order 5 of s(ν) in the interval [−1, 0.5] in the sense of least squares. That means we have to solve the system (13), (14) with
. It is not difficult see that its unique solution is:
The desired polynomial is:
From (32) we obtain a very good approximation, namely 1/q 5 , of x(ν) in the interval [−1, 0.5] whose maximum percentage error is 0.012% (see Fig. 3 ). It is clear, however, from Fig. 3 , that the percentage error of 1/q 5 (ν) very quickly increases when ν tends to the boundary points −1 and 0.5, especially the point −1. According to Egorov's theorem [18] and inequality (28), in order to decrease the the percentage error of 1/q 5 (ν) in the interval [−1, 0.5] we should find the best approximate polynomial of order 5 of s(ν) in the interval [−1 − 1 , 0.5 + 2 ]], where 1 , 2 are positive and appropriately small. Taking 1 = 0.03, 2 = 0.02 we obtain the following approximate polynomial:
Thus, the approximation x vms5 (ν) is given by:
The maximum percentage error of x vms5 (ν) in the interval [−1, 0.5] is only 0.0058%. This says that x vms5 (ν) is very highly accurate approximation of x(ν) in the interval [−1, 0.5]. It is 15.5 times more accurate than x vm2 .
Following the same procedure as above we obtain:
where the denominator of x vms3 (ν) is the best approximate third-order polynomial of [−1, 0.5] is 0.046%, 1.8 times smaller than that of x vm2 , so it is a highly accurate approximation of x(ν) in the interval [−1, 0.5]. It should be noted that x vms3 (ν) is 2 times better than p 3 * (ν) and x vms5 (ν) is 2.6 times better than p 5 * (ν), even it is more accurate than p 6 * (ν).
AN IMPROVED APPROXIMATION DERIVED BY APPROXIMATING THE SECULAR EQUATION
In order to establish approximate expressions of the Rayleigh wave speed one can replace the cubic secular equation by quadratic ones approximating the cubic power by the best approximate second-order polynomials (see [6] , [13] , [14] ). The approximating can be carried out in the space L As demonstrated in [6] , among all polynomials q(t) of the n-th degree whose leading coefficient is unity, the Chebysev polynomial T n (t)/2 n−1 (see [12] ) deviates the least from zero in C[−1, 1]. By the transformation t(z) = (2z −a−b)/(b−a), this observation leads to the conclusion: among all polynomials of the n-th order whose leading coefficient is unity, the polynomial (b − a) n T n (t(z))/2 2n−1 deviates the least from zero in C [a, b] . That means the following proposition is valid: the polynomial p n−1 (z) = z n − (b − a) n T n (t(z))/2 2n−1 deviates the least from z n in C [a, b] . Applying the proposition for n = 3, a = 0.474572, b = 0.912622 we have:
that is the best approximate second-order polynomial of z 
Making use of (15)- (17) and (37), the maximum percentage error of x vm2 * in the interval [−1, 0.5] is 0.056%. This can also be seen from Figure 4 . From Table 1 and this fact it is concluded that among approximations of the Rayleigh wave velocity in the interval [−1, 0.5] derived by approximating the cubic power, x vm2 * is the best, so far, in the sense of maximum percentage error, and it is 1.6 times, 2.8 times, 5.5 times, 7.5 times, respectively, more accurate than x vm2 , x l2 , x vml , x rm , the approximations previously obtained by this way.
CONCLUSIONS
In this paper we have derived improved approximations of the Rayleigh wave velocity for the range ν ∈ [−1, 0.5] using the method of least squares and taking account into Egogov's theorem. Some of them are very highly accurate approximations. That are approximations p 5 * , p 6 * and x vms5 whose maximum percentage error are 0.015%, 0.0083% and 0.0056%, respectively. They are 6 times, 10.8 times and 15.5 times better than x vm2 , the best of the previously established approximations of x(ν) for the values ν ∈ [−1, 0.5]. By approximating the cubic power in the space C[0.474572, 0.912622] an approximation with high accuracy has been established that is the best, so far, of the approximations obtained by approximating the secular equation. It should be noted that the technique used here can be employed to create approximations with higher accuracy.
